In this paper, we investigate properties of automorphism groups of function fields in one variable in relation to its reductions with respect to special valuations. In 1969, Deligne and Mumford proved that there exists a natural injective homomorphism between the automorphism groups of X η and any special fibre of X . Here, we give a generalisation of this theorem in function field setting of Deuring's theory of constant reductions.
Introduction
Let X g be a smooth projective irreducible curve of genus g defined over an algebraically closed field k. Denote by p the characteristic of k. Determining which groups can occur as automorphism groups Aut k (X g ) of X g is a classic problem in mathematics. In the case when g ≤ 1, the problem is well understood.
For convenience, in this note, we assume that the genus of a given curve is at least 2, unless otherwise specified.
It is well known that G = Aut(X g ) is a finite group. So, one can ask: For a given g, which finite groups can occur as automorphism groups on algebraic curves of genus g? And, conversely, for a given finite group G, for which genera g does there exist a curve of genus g which has G as automorphism group?
In [6] , Hurwitz proved that the order of the group G is less than or equal to 84(g − 1) in characteristic 0. As an example, equality holds for the curve of genus 3 defined by:
x 3 y + y 3 z + z 3 x = 0.
Such curves are called Hurwitz curves. Furthermore, in the case when k is the field of complex numbers, there are methods to find precisely which finite groups can occur on the curve X g . Indeed, first, recall that the category of algebraic curves over the complex numbers C is equivalent to the category of Riemann surfaces and fields of transcendence degree 1 over C. So to determine which finite groups can act as groups of automorphisms of algebraic curves, it is sufficient to answer the inverse Galois problem for the rational function field C(x). That is what Hurwitz did. By Lefshetz Principle, Hurwitz results hold also over any algebraically closed field of characteristic 0. Unfortunately, the methods in the characteristic 0 case do not seem to apply in positive characteristic. And there are very few results on this problem in positive characteristic. Although the group G must be finite, there is no precise bound. In [10] , Roquette gave an example of a curve with automorphism group whose order is greater than 84(g − 1). In [12] , Stichtenoth proved that the order of G must be less than 16g 4 for p > 0.
One way to understand why the methods in characteristic 0 do not apply in general characteristic is the study of the reductions theory of curves. Indeed, we want to compare, for example, the automorphism group of a curve X defined in characteristic 0 with the automorphism group of the reduction X modulo a prime p of X. In [1] , Deligne and Mumford proved that if X is a stable model of a smooth irreducible curve X (defined in characteristic 0 and the generic fiber of X is assumed to be isomorphic to X), then for any special fibre X of X , there is a natural injective homomorphism from Aut(X) to Aut(X). This solves partially the problem.
As we have mentioned above, this note is devoted to generalise this result of Deligne and Mumford. Our approach is similar to what Hurwitz did to solve the problem of determining finite groups than can occur as automorphism groups of algebraic curves in characteristic 0. We use the fact that the category of smooth projective irreducible curves over an algebraically closed field k is equivalent to the category of function fields in one variable over k. So, instead of working directly on curves, we will work on function fields in one variable. More precisely, we use Deuring's theory of constant reductions.
Let k be a field equipped with a valuation v 1 and let kv be its residue field. One considers an algebraic function field F |k of one variable and of genus ≥ 2 over k. The valuation v can be canonically extended to F such that its reduction F v|kv is again an algebraic function field of one variable (Such prolongations are called constant prolongations). There is a well-defined canonical homomorphism (that we will define in section 3)
where O denotes the valuation ring of F which corresponds to v and Z(O) 2 , the corresponding decomposition group. Our main results in this context are the following: 
where E is the fixed field of G.
The later (Theorem 3.5) is a generalisation of the Deligne-Mumford theorem that we will present in the next section.
Note that the Deligne-Mumford theorem (hence its generalisation) is a very useful theorem in arithmetic geometry. Indeed, many researchers have used this theorem to solve important problems in mathematics. For instance, using a particular case of the theorem (in the case when the valuation is a good reduction), Kontogeorgis and Yang in [8] was able to gave a list of the automorphism groups of hyperelliptic modular curves X 0 (N ) in positive characteristic. In [4] , Green gave a partial answer to a question asked by Oort on Bounds on the number of automorphisms of curves over algebraically closed fields. We would like to point out that we have used Theorem 3.5 with some results by Shaska [11] to give the complete list of all automorphism groups of hyperelliptic curves in odd prime characteristic that can be lifted to characteristic 0. Also, Theorem 3.5 can be used in the study of the Tchebotarev Density Theorem for function fields. These results will be published very soon.
Throughout this note, a function field is always a finite algebraic extension of a rational function field of transcendental degree one.

A Deligne-Mumford Theorem
Let us consider a normal, connected, projective curve X over k. The arithmetic genera p a (X) of the curve X coincides with the genus of the associated function field. Recall that the non-negative integer g(X):
is the geometric genus of X. The two invariants p a (X) and g(X) are equal if X is geometrically connected.
Assume that k is an algebraic closure of a discretely valued field with prolongation v to k. Denote by O k the valuation ring on k with respect to v. Note also that we may assume that the residue field which corresponds to the field k is algebraically closed. Denote by S the affine scheme Spec (O k ) with generic point η and closed point s. A smooth projective curve over O k does not always have stable reduction over O k . An example is given by the projective curve defined over Q by:
However, it is well known that For a reference, see [3] .
As far as we know, the following important theorem first appeared in [1] by Deligne and Mumford. Besides, our aim is to generalize this theorem.
Theorem 2.2. Consider a stable model
X → S of genus ≥ 2. Denote respectively by η and s the generic and closed points of S and assume that the generic fibre X η is smooth. Then, any automorphism σ in Aut k (X η ) extends naturally to an automorphism in Aut k (X ). Furthermore, the canonical homomorphism It is well known that the following two categories are equivalent (see [5] Corollary 6.12.):
(i ) Smooth projective curves over k, and dominant morphisms;
(ii ) Function fields of one variable over k, and k-homomorphisms. 
where Fv|kv denotes the residue function field.
Indeed, we can consider the smooth projective curve X over k associated to the function field F|k via the equivalent categories described above. Using Theorem 2.1, there exists a stable curve X over S which is a model of X. The result follows immediately using Theorem 2.2 and the fact that Aut k (X η ) = Aut k (X) = Aut(F|k) and Aut k (X s ) = Aut(Fv|kv) where η and s are respectively the generic point and the closed point of the affine scheme S.
One natural question to ask is whether Corollary 2.3 is still true for good non-discrete valuations. Following a suggestion and earlier work done by Roquette, Knaf has considered this question and got a positive answer in [7] . Here, we generalise the result to the case where the valuation v is not assumed to be good reduction nor discrete.
A generalisation of the Deligne-Mumford Theorem
Let F|k be a function field over the field of constants k. Let us assume that the field k is equipped with a valuation v k . Here, the valuation v k is not necessarily discrete. Let v be a constant prolongation of v k to F. Denote by p the characteristic of the residue field kv. Denote respectively by G and E the automorphism group Aut(F|k) and the fixed field of G in F. Since the group G is finite as the genus g ≥ 2, the set V of prolongations of v E :=v| E to F is finite of cardinal t ≥ 1. 
The next proposition was inspired from [2] .
Proposition 3.1. Let π be a place corresponding to O. There is a natural homomorphism
defined for any σ ∈ Z(O) by
Moreover, if we denote by T (O) its kernel called the inertia group of O over E, then we have:
i. T (O) = {σ ∈ G | σ(x) − x ∈ M O , for all x ∈ O} ; ii. T (σ(O)) = σG T (O)σ −1 for all σ in G.
iii. T (O) is a p-group and the extension Fv|F T (O) v is purely inseparable where F T (O) is the fixed field of T (O) in F.
Proof.
This proof is the same as the one in [2] 19.1 c).
ii. By definition of π, the corresponding place for σO is just π • σ −1 . So for any τ ∈ T (O) and x ∈ σO, we have:
Since x ∈ σO, then σ −1 (x) is in O. Using i. and the fact that τ is an element of T (O), we conclude that
iii-The field k is algebraically closed, so v is unramified and the ramification group V Let us now define the O k -curve associate to the set of valuations V as described in [3] . For that, let us make some convention of notations:
Notations:
• Since f −1 is also V -regular, we define in the same way the rings R f −1 and R f −1 ;
Recall that w denotes the infnorm associated to V (See [?] ). The O k -curve, say C f , is defined to be the O k -scheme
obtained by glueing the affine O k -schemes SpecR f and SpecR
The O k -curve C f has the following properties:
The O k -curve depends only on V in the following sense:
If g is an another V -regular element for F|k, the corresponding
We denote the curve by C V .
The
More precisely:
and D is a pole divisor of a V -regular element for F|k.
3. The generic fibre of C V is k-isomorphic to the non-singular irreducible projective curve C associated to the function field F.
[3] Theorem 1.1.
Our first important result is the following lemma: Proof. Let σ be an element of H of order > 1. Denote by σ the subgroup of H generated by σ. Choose a regular transcendental element f for the valuation v. Let C v be the O k -curve associated to {v} . So the generic fibre of C v is isomorphic to the curve
which is the unique smooth projective curve with F as function field (Theorem 3.2). On the other hand, the closed fibre of C v is isomorphic to the curve
which has Fv as function field (but may have singularities in case v is not a good reduction). Let us consider the smooth projective curve
which is the normalisation of Cv. Then we have:
where δ is the singularity number (see [9] Propostion 7.5.4). And we have:
Since the Euler-Poincaré characteristic does not change under reduction and k is algebraically closed, we conclude that the curves C and Cv have the same arithmetic genus, i.e,
Furthermore, the extension Fv|F σ v is purely inseparable which implies
where C r denotes the restriction of C on F σ . The curve C r is the normalization of the reduction of the curve C r .
On the other hand, we have
where
The ring R r f −1 v is also defined in the same way as
This can only happen if g F σ = g F = 0 or 1 by the Hurwitz genus formula. Thus, g F σ = g F and F σ = F. This contradicts the fact that the extension F|F σ is Galois, hence, separable. Thus, H is the trivial subgroup.
Observe that: 
Proof. According to a theorem in [2] (Theorem 19.6), the homomorphism
is surjective. However, by Proposition 3.1 iii., the extension Fv|F Moreover, we can generalize Theorem 3.5 as follows:
Consider the infnorm w with respect to the set of valuations V. We have
Since the ring O ′ v E is invariant under the action of G, there exists an homomorphism
where ψ is the canonical homomorphism
induced by the place π corresponding to the valuation O above. Note that ψ does not depend on which place we consider. Indeed, O ′ v E is invariant under G and any prolongation of O v E in F is given by σ(O) for some σ ∈ G. The kernel of the homomorphism φ is
We have: Proof. Let us denote by T the kernel of the restriction of φ to the normal subgroup N.
For any σ in G, consider the following homomorphism which is defined by
Denote respectively by ∆ and Γ the value group of w and v E . The mapping
induces a sujective map w × from F × /E × to ∆/Γ. Note that for any σ ∈ N and x ∈ F × we have
Indeed, fix a valuation ring O in A. Denote by v the corresponding valuation.
For any x ∈ F × , we have
But, since σ is in N, in particular, σ belongs to Z(O). Hence, v • σ = v.
Thus, v
Therefore, for any x ∈ F × , we conclude that
In particular, for all x ∈ O where O is any valuation ring in A, we have
Thus, σ ∈ T (O), the kernel of the homomorphism φ π defined above where π is the place which corresponds to the valuation ring O. According to Theorem 3.5, T (O) is the trivial group. Hence, σ = Id F . In fact, we have
Remark 3.8. 
